An edge of a k-connected graph is said to be k-contractible if its contraction yields a k-connected graph. A non-complete k-connected graph possessing no k-contractible edges is called contraction-critical k-connected. Let G be a contraction-critical 7-connected graph with n vertices, and V 7 the set of vertices of degree 7 in G. In this paper, we prove that |V 7 | ≥ n 22 , which improves the result proved by Ando, Kaneko and Kawarabayashi. In the meantime, we obtain that for any vertex x ∈ V 7 in a contraction-critical 7-connected graph there is a vertex y ∈ V 7 such that the distance between x and y is at most 2, and thus extends a result of Su and Yuan. We present a family of contraction-critical 7-connected graphs G in which V 7 is independent.
Introduction
We only consider finite simple undirected graphs. For terms not defined here we refer the reader to [2] . Let G = (V (G), E(G)) be a graph. V (G) denotes the vertex set and E(G) the edge set of G, respectively. Let |G| = |V (G)|. κ(G) denote the vertex connectivity of G. An edge joining two vertices x and y will be written as x y. For x ∈ V (G), we define N G (x) := {y : x y ∈ E(G)}, and the degree of x is d G (x) := |N G (x)|. If F ⊆ V (G), then N G (F) := x∈F N G (x) − F. A vertex set T ⊆ V (G) is called a separating set of a connected graph G if G − T has at least two components. A separating set with κ(G) vertices is called a smallest separating set. Let k be a positive integer, a graph G is called k-connected if κ(G) ≥ k. If G is non-complete, then G is k-connected is equivalent to that G has no separating set with cardinality less than k.
Let G be a k-connected graph, an edge of G is said to be a k-contractible edge if its contraction again yields a kconnected graph. By a well-known result of Tutte, any 3-connected graph with order at least 5 has 3-contractible edges [10] . But for k ≥ 4, Thomassen [9] showed that there are infinitely many k-connected k-regular graphs which do not have a k-contractible edge. Thus, the concept of a contraction-critical k-connected graph for k ≥ 4 was introduced, specifically these graphs are the non-complete k-connected graphs containing no k-contractible edge.
Egawa [3] proved that every contraction-critical k-connected (k ≥ 4) graph has a vertex of degree at most 5k 4 − 1, and as a result, for 4 ≤ k ≤ 7 every contraction-critical k-connected graph contains a vertex of degree k. Recently, Kriesell [4] showed that every contraction-critical 7-connected graph has two distinct vertices of degree 7. He conjectured that for any contraction-critical 7-connected graph, there are two vertices x and y of degree 7 where the distance between x and y is at most two, and there is a pair of adjacent vertices each having degree 7. In [8] Su and Yuan showed that indeed there are two vertices of degree 7 with distance at most two in any contraction-critical 7-connected graph. They also suggested that in such a graph there is also a pair of adjacent vertices of degree 7. But this is not true, as a family of counterexamples H m (m ≥ 8) were constructed in [5] . Furthermore, [5] provides some sufficient conditions for a pair of adjacent vertices of degree 7 in contraction-critical 7-connected graphs. For m ≥ 8, H m denotes the following graph.
Let
It is easy to verify that H m (m ≥ 8) is a contraction-critical 7-connected graph, in which the set of vertices of degree 7 is {x 1 , x 2 , . . . , x m } that is independent.
Su conjectured that H m (m ≥ 8) is the only class of contraction-critical 7-connected graphs which have no pair of adjacent vertices of degree 7. We now formally state this conjecture.
, has a pair of adjacent vertices of degree 7.
In [1] Ando, Kaneko and Kawarabayashi proved that every contraction-critical 7-connected graph G on n vertices has at least n 64 vertices of degree 7. In this paper, we improve this result and obtain the following result. Theorem 1. Let G be a contraction-critical 7-connected graph on n vertices. If V 7 is the set of vertices of degree 7 in G, then, |V 7 | ≥ n 22 . We will prove Theorem 1 in the next section. In the meantime, we will show that if a vertex x ∈ V 7 is not adjacent to a vertex in V 7 , then there are some vertices in V 7 whose distance to x is 2. So, the following is true. Corollary 1. Let G be a contraction-critical 7-connected graph. Then, for any vertex x ∈ V 7 there is a vertex y of degree 7 such that the distance between x and y is at most 2.
For our proof, we introduce more notations. Let G be a non-complete connected graph, we use T G to denote the set of all smallest separating sets of G. Let T ∈ T G , the union of the vertices of at least one but not of all the components
A fragment B of G is called an end of G if any proper subset of B is not a fragment of G, and a fragment of G with the minimum number of vertices among all fragments of G is called an atom of G. The following properties of fragments are often used (for the proof see [6] ), we will use them without any further reference.
(P1) Let A be an atom of G, and
A graph is called almost critical if every fragment intersects some smallest separating set. Almost critical graphs and contraction-critical k-connected graphs have the following properties. 
Lemma 3 ([4]
). Let G be a contraction-critical k-connected graph, let A be an atom of G, or a set consisting of a single vertex of G, or a set of vertices with |N G (A)| ≥ k such that there is a pair (a , t ) ∈ A × N G (A) such that a, t are adjacent if (a, t) ∈ A × N G (A) − {a , t }.
Then G − A is almost critical of connectivity k − |A|, N G (A) ⊆ S∈T G−A S, and every S-fragment of G − A is a (S ∪ A)-fragment of G.
Lemma 4 ([7]
). Let G be a contraction-critical k-connected graph, B is an end of G. Then G contains four fragments
Another basic fact is that for each edge e of a contraction-critical k-connected graph G, there exists a smallest separating set of G containing two endvertices of e, and thus κ(G) = k.
The proof of Theorem 1
In what follow, we always assume that G is a contraction-critical 7-connected graph, and that V 7 is the set of vertices of degree 7 in G. For simplicity, we write
. We first prove a lemma.
Lemma 5. Let A be an end of G and |A| ≤ 3.
Proof. If A = {x}, then, since κ(G) = 7, it is clear that d(x) = 7 and the lemma holds. Thus we may assume that 2 ≤ |A| ≤ 3 and A ∩ V 7 = ∅.
If |A| = 2, as A ∩ V 7 = ∅, then both vertices in A have degree 8. So, the conditions of Lemma 3 hold for A. By Lemma 3, G − A is an almost critical 5-connected graph. Applying Lemma 1 for G − A we obtain that G − A has four fragments
, and by the Pigeon Hole Principle, there is one
A is a fragment of G, contradicting that A is an end of G. Hence, F 1 ∩ A = ∅. As |A| = 3, we have F 1 ∩ A = ∅. By noting that A is an end, we can similarly obtain that F 1 ∩ N (A) = ∅ = F 1 ∩ A, and hence F 1 = ∅, a contradiction. This proves Lemma 5.
The Proof of Theorem 1. Let x be any vertex of G such that d(x) ≥ 8 and N (x) ∩ V 7 = ∅. By Lemma 3, G − x is almost critical 6-connected. Let A be an atom of G − x. By Lemma 3, A is also a T -fragment of G with T ⊇ {x}, so, by the assumption, |A| ≥ 2. By (P1), |A| ≤ 3. Denote V 8,9 = {v ∈ V (G) : 8 ≤ d(v) ≤ 9}. We will first prove some assertions. 
, and F contains at most two vertices. As x ∈ T , we know that |F| = 2 and F is an atom of G − x contained in N (B). Let A = F, then N (A ) = T . It is easy to see that A is desired.
If |B ∩ T | ≤ 3, as |B| ≥ 4, then either B ∩ F or B ∩ F is nonempty. Assume that B ∩ F = ∅. As x ∈ T ∩ N (B), B ∩ F is not a fragment of G, and then,
, and F is a fragment of G − x. Hence, |F| = |F ∩ N (B)| = 2 and |T ∩ B| = 3. Let A = F, we can also see that A is desired.
Assertion 2. Let B be an end of G − x such that |B| = 3 and |B| ≥ 3, and N (B) does not contain an atom of cardinality
Proof. Note that, if N (x)∩B∩N (V 7 ) = ∅, as each vertex in N (x)∩B has degree 8 or 9, then N (x)∩B∩V 8,9 ∩N (V 7 ) = ∅. So, in the following, we come to show that
Next we assume that
As |B ∩ V 7 | = 1 and |B | = 2, by Lemma 3 G − B is an almost critical 5-connected graph. By Lemma 1, G − B has four fragments N (B) ) ∩ V 7 = ∅, a contradiction. So, B ⊆ T . From that we can deduce that |C| = 3 = |D|, otherwise N (B) contains an atom of cardinality 2 of G − x, a contradiction. As |N (B) ∩ V 7 | ≤ 1, we may assume that C ∩ V 7 = ∅, we come to show a contradiction.
Let C = {c 1 , c 2 , c 3 }. As b 2 ∈ V 7 and xb 2 ∈ E(G), we have C ⊆ N (b 2 ). Pick a T ∈ T G such that c 1 , b 2 ∈ T , let F be a T -fragment. We claim that B ⊆ T . Suppose not, we may assume that B ∩ F = ∅. If |B ∩ F | = 1, as B ∩ V 7 = ∅, then B ∩ F is not a fragment of G, and thus, |T ∩ B| > |N (B) ∩ F | and B ∩ F = ∅. In the case where |F ∩ N (B)| = 0, |F ∩ B| = 1. In the case where |F ∩ N (B)| = 1, |T ∩ B| = 2, and hence |F ∩ B| = 0. Thus in either case, F contains a vertex y ∈ V 7 . As c 1 ∈ T , c 1 y ∈ E(G), and thus y ∈ C ∩ V 7 , a contradiction. If |B ∩ F | = 2, then B ∩ F = ∅, b 1 ∈ B ∩ F , and then x ∈ (F ∪ T ) ∩ N (B). As B is an end of G − x, B ∩ F is not a fragment of G, then we also have |T ∩ B| > |N (B) ∩ F | and B ∩ F = ∅. Since |B ∩ F | = 2, |T ∩ B| = 1 and F ∩ B = ∅. From that we can deduce F = ∅, a contradiction. So, B ⊆ T , and hence, B ⊆ T ∩ T . If C ⊆ T , then |F ∩ T | ≤ 1, by noting that D ⊆ F, and thus either F ∩ F = ∅ or F ∩ F = ∅. We may assume that F ∩ F = ∅. Then, |F ∩ T | ≥ |F ∩ T | ≥ |C| = 3, and thus |F ∩ T | ≤ 1. From that we have
Hence, F ⊆ T and |F | = 1. Let y ∈ F . Then, y ∈ V 7 and y ∈ N (B)∩ T . As N (B)∩ T = {x}, we have x = y, a contradiction. Hence, C ⊆ T . Suppose F ∩C = ∅.
is a separating set of at most 6 vertices, a contradiction. So, F ∩ F ⊆ C − {c 1 }. If |F ∩ F| = 1, then C ∩ V 7 = ∅, a contradiction. Hence, |F ∩ F| = 2, and thus
Clearly, in this case we have |F ∩ C| = 1. By using the same reasoning we can deduce that F ∩ F = ∅. Then, D ⊆ F ∩ T . So, |F ∩ T | ≥ |D| = 3 and |F ∩ T | ≥ |D| = 3, and thus |T | ≥ 9, a contradiction. Hence, N (B) ∩ F ∩ C = ∅, and thus x ∈ F ∩ T . Now, if D ⊆ T , then |F ∩ T | ≥ |D| = 3, and thus F ∩ T = {x} and T ∩ T = B and T ∩ F = {c 1 }, and then F ∩ F = ∅, implying that x ∈ V 7 , a contradiction. So, D ⊆ T , and thus D ∩ F = ∅. Hence, F ∩ F ⊇ F ∩ D = ∅. Now, if F ∩ F = ∅, then we can similarly deduce as above a contradiction. Thus, F ⊆ T . Note that in this case N (B) ∩ F = {x}. If F − {x} = ∅, then (T − B) ∪ {x} is a separating set of 5 vertices, a contradiction; if F = {x}, then we have x ∈ V 7 , also a contradiction.
Summarizing as above, we must have that
Then, F * = {c 3 }. As x ∈ F 1 ∩ F 2 , F * is a fragment of G, and hence we have c 3 ∈ V 7 , contradicting that C ∩ V 7 = ∅. This proves Assertion 2.
Assertion 3. If the atom A of G − x has cardinality
Proof. Note that A is an atom of G − x with cardinality 3, every fragment of G − x has at least 3 vertices. As G − x is an almost critical 6-connected graph, by Lemma 2, G − x contains four pairwise disjoint atoms A 1 , A 2 , A 3 , A 4 . Clearly, for each i ∈ {1, 2, 3, 4}, A i satisfies the condition in Assertion 2, and thus,
. This proves Assertion 3.
If the atom A of G − x has cardinality 2, we divide it into two cases. First assume that |N (x) ∩ A| = 1, then the vertex a 1 ∈ A − N (x) has degree 7. Let a 2 ∈ N (x) ∩ A. Then, d(a 2 ) = 8 and a 2 ∈ N (x) ∩ N (a 1 ). Clearly, a 1 a 2 ∈ E(G), and each vertex in N (A) − {x} is adjacent to both a 1 , a 2 . So, in this case we have,
Next we assume that any atom A of G − x satisfies A ⊆ N (x). We have the following assertion.
Proof. As A ⊆ N (x), A∩V 7 = ∅. So, A is an end of G. By Lemma 5, N (A)∩V 7 = ∅, and thus
In the following, we assume that |N (A) ∩ V 7 | = 1, we deduce that
So we suppose that G − x has only one atom A. By Lemma 3, G − A is almost critical 5-connected. By Lemma 1 and Lemma 3, G − A has four fragments 1, 2, 3, 4) is a T i -fragment of G such that T i ⊇ A. As above shown, there exists some i, such that |F i ∩ N (A)| = 1, then we have that F i has only one vertex in V 7 and F i ⊆ N (A). As |N (A) ∩ V 7 | = 1, there is only one F i , say
As d(x) ≥ 8, then F 2 satisfies the conditions of Lemma 3. By using the same reasoning as above, we have T 2 ∩ V 7 = ∅, and thus N (x) ∩ V 7 = ∅, a contradiction. As F 2 ∩ A = ∅ and x ∈ F 2 ∩ N (A), F 2 ∩ A is a fragment of G − x. Let B ⊆ F 2 ∩ A be an end of G − x. Clearly, A ⊆ B and |B| ≥ 3. Clearly, N (B) does not contain any atom of G − x. By our assumption and Assertion 1, we also have |B| = 3. Now we claim that there are at least two disjoint ends B 1 , B 2 of G − x such that for i = 1, 2 |B i | ≥ 3, |B i | ≥ 3 and N (B i ) does not have any atom of G − x. Suppose not, by our assumption, the following conditions hold. Let b ∈ N (x) ∩ B, and pick a T ∈ T G such that x, b ∈ T . Let F be a T -fragment of G. By using the reasoning as in the proof of Assertion 2, we have B ⊆ T . Since A is an atom of G − x and x ∈ T , we have that either A ∩ T = ∅ or A ⊆ T . If A ∩ T = ∅, then A ⊆ F or A ⊆ F. We may assume that A ⊆ F. Since F ∩ A = ∅, |N (A) − F| ≥ 7, and hence F ∩ N (A) = ∅. Then F ∩ A = F. Choose an end B of G − x such that B ⊆ F. Then, we have that |B | ≥ 3 and A ⊆ N (B ). Clearly, B = A. As B ⊆ T , B ∩ B = ∅. This contradicts (P). So, A ⊆ T . Denote C := F ∩ N (A) and D := F ∩ N (A). We deduce a contradiction by the following steps.
1. |C| = 3 = |D|. We suppose that |C| ≤ 2. If F ∩ A = ∅, then F is a fragment of G − x of cardinality at most 2. If F ∩ A = ∅, then F ∩ A is a fragment of G − x, and thus F ∩ A contains an end B of G − x such that |B | ≥ 3. Note that B ⊆ T , both the cases contradict (P). So, |C| ≥ 3. Similarly, we have |D| ≥ 3, and thus |C| = 3 = |D|.
2. As
, and hence F ∩ F ∩ A = ∅. Hence, F ∩ F = F ∩ C and F ∩ F has only one vertex. Clearly, this vertex belongs to C − {c 1 } and has degree 7,
, by arguing as in the case where
we get a contradiction. Hence we have that either
For the former case, we can similarly obtain that F ∩ F = ∅ and |F ∩ T | > |F ∩ T |. From that we know that D ⊆ T , and thus |T | > 8, a contradiction. For the latter case, we have F ⊆ T , and thus x ∈ F . Since d(x) ≥ 8 and c 1 x ∈ E(G), we must have |F | ≥ 3, and thus |F ∩ T | ≥ 4. So, |F ∩ T | ≤ 1 < |F ∩ T |, implying that F ∩ F = ∅, and thus |F| ≤ 1, a contradiction.
Since N (V 7 ) ). Denote V 8 := {v ∈ V (G) |d(v) = 8}. We partition V 7 into the following sets. Let X 1 := {x ∈ V 7 | there is an atom A of G − x such that |A| = 2 and |N (x) ∩ A| = 1}, X 2 := {x ∈ V 7 − X 1 | there is an atom A of G − x such that |A| = 2 and |N (A) ∩ V 7 | ≥ 2}, X 3 := V 7 − (X 1 ∪ X 2 ). By ( * ), for any x ∈ X 1 there is one vertex a ∈ N (x) ∩ N (V 7 ) such that N (a) − {x} ⊆ V 7 ∪ N (V 7 ). We choose one such vertex a(x) for any vertex x ∈ X 1 , and let Y 1 be the set of a(x) as x ranges over X 1 . Note that, if x, x ∈ X 1 and x = x , then a(x) = a(x ). Moreover, Y 1 ∩ N (X 2 ∪ X 3 ) = ∅. For any vertex x ∈ X 2 , there is an atom of G −x such that |A| = 2 and |N (A) ∩ V 7 | ≥ 2. We choose one such atom A(x) for each x ∈ X 2 , and set A(x) = {a 1 (x), a 2 (x)}. Let Y 2 be the set of a 1 (x) and a 2 (x) as x ranges over X 2 . As each vertex in A has degree 8, a 1 (x), a 2 (x) ∈ N (x)∩ N (V 7 )∩V 8 . Note that N (A) − (V 7 ∪ N (V 7 ) ∪ X 1 ⊆ X 2 ), N (a i ) − {x} ⊆ V 7 ∪ N (V 7 ) ∪ X 1 ∪ X 2 . Clearly, Y 2 ∩ N (X 3 ) = ∅. Let For i = 1, 2, 3, let x i = |X i |, for j = 1, 2, 3, 4, let y j = |Y j |. Denote n = |V (G)|. Clearly, 7|V 7 | ≥ y 1 + 2y 2 + y 3 + y 4 , and x 1 = y 1 . Let E 2 be the edge set joining X 2 and Y 2 , E 3 the edge set joining X 3 and Y 3 . Then, by Assertion 3 and 4, we have 6y 2 ≥ |E 2 | ≥ 2x 2 and 8y 3 ≥ |E 3 | ≥ 4x 3 , i.e., 8|V 7 | + y 1 + 3y 2 + 2y 3 ≥ |V 7 | + y 1 + 2y 2 + y 3 + y 4 + x 1 + x 2 + x 3 .
Clearly, y 1 + y 2 + y 3 ≤ |N (V 7 )| ≤ 7|V 7 |. Hence, 22|V 7 | ≥ 8|V 7 | + 2(y 1 + y 2 + y 3 ) ≥ n, and thus |V 7 | ≥ n 22 .
Remark. By the result of Ando, Kaneko and Kawarabayashi and Theorem 1, for every contraction-critical 7-connected graph, there is a constant c such that |V 7 | ≥ c|G|. It follows from H m that c < 
